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Generating Optimal Instruction Sequences for
Integer Division by Constants

FUJINAMI Nobuhisa

Sony Computer Entertainment Inc.

Abstract

Granlund et al. proposed in 1994 a method for integer division by constants using multiplications.
It is implemented in GCC. When it is used for unsigned division, some divisors require operands
that exceeds the word size, and long instruction sequences are required. On the other hand, Fog
proposed in 1996 a similar method that avoids large operands. Using two instead of one basic
expressions solved the problem. The applicability of the expressions were, however, not clear. The
author sought for strict applicability conditions for the expressions in the latter method and enabled
generating optimal instruction sequences for given divisors. The sequences may have conditional
branches, but the probability is so skewed that satisfactory performance is expected on processors
with branch prediction.

1 0Jodd

O0oo0ooooooooNDDDODOOOmn0OO02NODDOO0O mxnO00O000000O0O0O00OODODOO
oooooooOoOO0O0O00OO0o0o0o0oooooooboooODODODODbOO00o0DoooOobObOboLONDOO0
O000n0d000000O0O00O0OO0OOg¢=|n/d00000O000O00OOOOOOOOOOOOOOODOO

gboooooboooboobobooboooboobooooboboooobobobooboOoboooobOobo
goooboobooooboooooobooooobob0oooDobooooDoOoboooooboboog
gbobooboboooobobooooobooboooooboooooboan

oboooOobooooobobooobooboooobOobooooboboooooboooooboOoon
ooboooboooboboooobooooooooobooooboobooooboboooobooobobooobobooong
gboooboobooobooboooooboobooooga

gbooobooobob2000000000b00b000b00oboobooboos3sbooboooonn
obooboobOoboooboboboobooboo400000b00000b00000b00000000
ooooboobooobooebooboobonoo



2 JOooooogoo

[Granlund94] 0 0000 O0GCCOOO0O0O000O000000O0DN000O0000000000000
00000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000
0ooooo

[Granlund94] 0 000000000000 000000000000000000000000000
0000000000adhoc000000000000D00000000000000

[Fogd6)| 0000 0000000000000 000000N0000000000000000000
00000000000000000000000000000000000000000000000
0000000000000000000000000000

[Warren02] 0 O [Granlund94] 00000 0000000000000000000000000000
00000000000000000000000000000000000000000000000
000 (00ADO0D0DO00000O00)0[Warren02]00000000000000000000000
00000000000000000

[AMD03|0000000000000000000000000000000000000CO000
00000000000000000000000000000CO000000000000000000
0000000000000000000[AMD03|0000(00000000000000000 AD
00)0

3 Uobooon

00000000000000000000000000000000000000
0000000000000 000000000000000MULUH(m,n)00mO0-,000000
O02N000000000NDOOOOODOOSRL(n,b)00n000b000000000000000OO
NOOOOOODOODOODOOODODOOg=|n/d|000000000000O0O0ODOOO0O0<d<2N
00000D00<n<t00000000D00D00O0¢=2Y0000M0d020000000000k = |t/d|0
K=[t-1)/d0000¢t=2N00k=K000
000000s000000000000000000000000000M =2N+000m = [M/d|C
m'=|M/d|00000000000000000000000000

SRL(MULUH(m, n),b) (A)
SRL(MULUH(m’,n + 1),b) (B)
000000000000
Vn SRL(MULUH(m,n),b) = |n/d] < m > k(dm — M)

Vn SRL(IMULUH(m/,n +1),b) = |[n/d] & m' >k (M —dm')

oobooobooobooooooooboobooboooboobsobbobObobboobDbbOOoDbOoOg
O00000oO0O0o0ooA)ooooooo

000 B)DOn+1000000000~,=2Y-10000000000000000000000
gboooboobooboobobboobooboobooboon



000 A) 0000000000000 0DOdO000O0Uo0dod=2¢d'000d 000000 m
0o000g¢0
SRL(MULUH(m, SRL(n, €)), b) (©)

00000000000000 (A) 00000000 o0oUoooO(C)DooUoooUooooooooo

(B)0OooOoUOO0oOO0o0DOO0O0o0DOUO0O00O0OU00O0D0O0UO0OU0O0DO0OO (C)UUuooooooO
00000000000ooo0oooooOoOO B)DOoOoOoO(C)DOoODOoOoOoDOoOoo(C)ooooo

(A)DOD00O0OU00OO0O0O0OUO0OLWOOUOOUOOOUDODOOODUODOOU0OOdoOoOooooooo

e b=0,1,2,---,|log,d| 0000 (A)D00ODOUOOUOD0OOOOO0OOOUOOODOOOOObO
000 (A)D00O0ooO0o0oooOoooooOoooo

e J0000ODDDOODDOOOUOObB=0,1,2,---,|log,d| D000 (C)D000O0OOOOOOOO
0000000o0o0ooo0s000UD (C)UDO0U00DDOUOUOO0DDOOUDOOOUD

e b=0,1,2--,|log,d/ 0000 (B)JODOO00O00000000000000000O0O0O0 b0
000 (B)0O00000

b= |log,d| 000000000 (A)00O0(B)0000D0O00000D00000O00000O000000O
0oooooooo
0000D000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000

4 ODUOUOOOoooon

gbbooboobooboobooooboobooooboboooboobobooooboOobOooobooboobn
0000000 A) 0000000000000 00O0O0O0OO0(B)UODODOOOOODODUOOOOUOO
000000000000 0000 (A)0B)ODOUDLODOOODUOODOOUOOOOOO

4.1 00O
gooood

0000 FOOF(-1)>-MO0F(0)<0000000F(1)<MO000

g

goooooo

good



42 000 (A)DO0O0ODOOooooOOo

ao
0000000 N,d,t,b000000000000
e N>0
e 0<d<2NODO0OdO 2000000
e 0 <t <2V

e b>0
oooooo

M =20k = [t/d|OK = |(t—1)/d]0m=[M/d|00000000

0oo0d0Odn=0,1,---,t —100000SRL(MULUH(m,n),b) = |n/d]

ElElDDDDDDDDDDDm>k(dm—M)DDDD
oo

(A1)O (A2),(A3),(A4)D0000C00OO0OOUOOOOOOO

0000 =0,1,---,K00000jM < jdm

0000j=1,2,--,k000003d—1)m < jM

kd<t0000(t—1)m < (k+1)M

(A1)

(A2)
(A3)
(A4)

00000 (A2),(A3),(A)000000000000000m>k(dn—M)000000000000

m=[M/d]>M/d0000dn>MO00000000000000000

M<dmOO0O0O0OjM<jdn0000000000;;0000000000000(A2)00000000
(A3)000000000004M — (jd—1)ym=m — j(dm—M)0000dm —M > 00000 (A3)

0000000000000 m—k(dn—M)>00000

kd<tODODOOt—1=kd+r00000r<d-200000000(kd+d—2)m< (k+1)MO0OO

O00(A4)0000000000

F(z)=(kd—1+(d—1)2)m—-kMODOOFOOO0ODO000O(A2),(A3)000000000000

F(-1)=(k—1)dm —kM > (k—1)M — kM = —-M OO F(-1) > —M

F(0) = (kd — 1)ym — kM < kM — kM =000 F(0) < 0

O0000000000F(1)<MOOOOFQ1) = (kd+d—2)m—kMOOO0 (kd4+d—2)m < (k+1)M

000D000000(A2),(A3)000000000000(A4)000000

00000000000000000000000(A2),(A3),(A4)0000000000000(A3)0
Om>k(dn—M)0OOOO0DOO00m>k(dn—M)00D00000D0000 (A3)000000000
000 (A2)00000 (A400000000(A2),(A3),(A)00000000000000000000



43 000 B)ODODOODOOOOOO
00
0000000 N,d,+,b000000000000
e N>0
e 0<d<2N0OD00Od0 2000000
e 0 <t <2V

e b>0
oooooon

M=2Nt0Ok=|t/d|0k = [(t—1)/d]0m/ = [M/d|00000000

0000n=0,1,---,t—10000OSRL(MULUH(m/,n + 1),b) = |n/d|

0000000000000m >k (M—-dn/)0000
oo

(B1)O (B2),(B3),(B4)0000000000O00OO0OOO0O

0000 ;j=0,1,---,K00000/M < (jd+ 1)m’

0000 j=1,2,---,k00000@d—-1+1)m' <jM

kd<tODODODO(t—14+1)m < (k+1)M

(B2)

(B3)

(B4)

00000(B2),(B3),(B4)000000000000000m >k (M—dn/)000000000000
m' = |M/d| < M/d0000d0200000000dm < MOOODO000000000000
(B2)000O00000000(jd+1)m' —jM=m'—j(M —dm')0OOOO0M —dm’ >00000 (B2)

Ooooooooooooom —K(M—-dn)>00000

dm’ <MOO0OOjdm' < ;jMO0000000,;0000000000000(B3)000000O0O0

tm’ < (k+1)dm’ < (k+1)MO00D0(B400000000

oooooo@H)oooooooooooom > (M-dn)D00D00D00OD0O0O0OO0DO0OO0OOO

44 000 (A)0(B)DOODODOODOOOOOODOO
00

0000000 N,d000000000000

e« N>0

e 0<d<2N000d02000000

pO02<d<20P'00000000O0



D00 | [Granlund94] | [Fog96] | [Warren02] | [AMDO3]
A A A A A
A C/D B A A
C C B D B’
B D B D B’

U1 o0b000o00b0o00oa

oooooo
k= [2N/d] = (2N —1)/d|O0m = [2N*+t/d]O0m/ = [2NV+t/d|0 0000000000 (1)0 (2)000
00000000000
0<m<2¥ 00 m>k(dm-—2VTP) (1)
0<m' <2V 00 m >k —am) (2)

go

M =2Nt0f =M/ dODOOOM =2N20 <2NgoOOOf<2N0000m,m <2Y000000
(1)(2)D00D0000000000000f0000000O0000000OOO

e fOUO (f=|f)H)00000dOMODDOOOOD20000000000000000D0000O
oood

e f—|f|=05000004d02M00000002000000000000000

e 0<f—|f]<0500000()00000000000

f=M/d> M/ =2N"10000m > 2N '0000000k(M —dm') = kd(f —m') <
2V x0.5=2V"100000000(()000000000

e 05< f—|f/<100000(1)00000000000

f=M/d> M/ =2N-10000m > 2V-'0000000 k(dn — 2V = kd(m — f) <
2V x05<2V-l00000000()000000000

000000(1)0(2)U000000000000U00000DUO0o0O0oUooOOoOn

5 0O

00000000000000000000000000000000000Intelx86000000 32
000000000000000000

0000000 (A)0(B)DOOO0 (C)0000000000000 10 (A)O0B)0(C)0000000
(B)DODOOOO0D.00000000n+10000000000000000000000000000
00000000000000n+1=220000EDX00000000R+100000000000
00000000000000000000000000000000000000000000000
0000000000000000000
010000000000000000(A)B)B°)(C)(D)05000000000000000000
0000D0000000000000000000000000000



(A) d=5 q=SRL(MULUH(3435973837,1n),2)

MOV EDX,0CCCCCCCDH
MUL EDX
SHR EDX,2

(B) d=7 q=SRL(MULUH(1227133513n+1),1)

MOV EDX,49249249H
INC EAX
JZ L1
MUL EDX
L1: SHR EDX,1

(B’) d=7 q=SRL(HIGH(MULU(1227133513,n)+1227133513),1)

MOV EDX,49249249H
MUL EDX

ADD EAX,49249249H
ADC EDX,0

SHR EDX,1

(C) d=14 q=SRL(MULUH(2454267027,SRL(n,1)),2)

SHR EAX,1

MOV EDX,92492493H
MUL EDX

SHR EDX,2

(D) d=7 t1=MULUH(613566757,n) q=SRL(t1+SRL(n-t1,1),2)

MOV EDX,24924925H
MOV EAX,ECX

MUL EDX

SUB EDX,ECX

SHR ECX,1

LEA EAX, [ECX+EDX]
SHR EAX,2

0O 1: Intel x86 OO OO OO

[Granlund94] 0 00000000000 (B)D0OOO0O00OO0O (A)D00000O0D00000O0000
00000000 1(D)00000000000000000000000000000000000 (A)
000000000(C)000((D)0000000000000

[Fogd6)| 00000000 (A)O (B)D0ODO0OO0OO0O0000000000000000000000000
0000000000000 (A)00000000 (B)0000000000000000O0[Fogd6]000
0000D0000000000000000O0NOOOOOOOOONOODOOOOOODOOOOOODO
000

[Warren02] 0 0 000000 (A)0 DO [Granlund94| 0000 (D)0 0000000000000000
0oooo

[AMD03|0 0000000 (B) 000000640000 0000000000D000O0DN0O0O0ONOD
000 1(B)00000000MULU(m,n)00mO0n000000002N00000000HIGH(p)DO
2NOODOOOp000NOOODOOODOODOOOO000D00000000000000000000
00000[AMDO3|00000000000000000000



0 H x860 00000 | Pentium III | Pentium 4

A 10 6 20
B 12 6 16
B’ 17 8 20
C 12 8 16
D 19 9 24

0200000000000

O 20 O Pentium IIIO OO0 Pentium 4000 0000RDTSCOODOOOO0ODOOOOODOOOOODO
bboooooooooboooooooooooooooooboiooobooooooloboboooonog
O0Pentiom IIOO0O00O0O00O00O0O00O0O0O0O0O0O0O0O0O0O0C000CO0OPentium400000
goooooobooooboooooboboooooono

gboboobooboobooboooobooboooobobooooboboooboOoboobooboobn
obooooobooog

6 OO0

000000ONDOODODODOOOD |»/d|00000000000000000DO0000000O0
000000000d000000000+1000¢000000000000K0000000000
M =20 m = [M/d|0m' = |[M/d)0k=|t/d|DK =|(t—1)/d]000000

Vn SRL(MULUH(m,n),b) = |n/d] < m > k(dm — 2N +b)

Vn SRL(IMULUH(m/, n 4 1),b) = |n/d] < m' >k 2N —am’)

oood
gooooobooobooboboooooboooobobooooboboboooDobDoooOooDUoDbO
gbooobooooooobo
2000000b00obOOobOOobOOoOOoOOOOoOOOOOObOOOObOOOOOOObOOOOooOOonoGg
gooooboboooobooooooboooooobobooobooboboooobOobobooooboooo
OO0000000000000000000D0000 Intel0 Pentium INIOOOO00O00O0OOO00DOO
boboobobooooobooboobooooono

Joogd

[Granlund94] Torbjérn Granlund and Peter L. Montgomery. Division by Invariant Integers using Mul-
tiplication. In Proceedings of the SIGPLAN ’9 Conference on Programming Language Design and
Implementation, pp. 61-72, 1994. (http://www.swox.com/ tege/)

[Fog96] Agner Fog. How to optimize for the Pentium family of microprocessors. 1996-2004.
(http://www.agner.org/assem/)

[Warren02] Henry S. Warren, Jr. Hacker’s Delight. Addison-Wesley, 2002. (00 0O0O: 00000000
0.00000000000, 2004)



[AMDO3] Software Optimization Guide for AMD Athlon™ 64 and AMD Opteron™ Processors. Ad-
vanced Micro Devices, Inc., 2003. (http://www.amd.com/jp-ja/Processors/
TechnicalResources/O0, ,30_182_739_7203,00.html)

A 00000O0O0OO0ObO0O0ObOOoO0bOobObDO0ObOoOobOoobobbon

[Warren02)|0 00 000000000000 0000O00O0000000000OO [Warren02]0 1000
gooobobobbboooooobobobooooga
ne — kd—1
2 - M
d—1—rem(2 —1,d) — dm—-M
0000 [Warren02]0 18100000 (27) 0000000000 0O0OO0OO0OOOOOOODOOOOOO
goo

22 >n.(d—1—rem(2? —1,d)) < M > (kd—1)(dm— M)
< M >kd(dm— M)+ M —dmn
< dm > kd(dm — M)
< m > k(dm — M)

[AMDO3|0 000000 0I0O0UON0N0OONUOONUOOUIIOINONuoouoooooouo1e0
gbooooboobooooobooooooo

mlow = L232+1/tj
j = rem(2* —1,t)
Kk — L232+1/(232 —1-9)]
mhigh = [(2%2t] 4+x)/tf

ubooobOoobooooobooooooboooon

mlow — m-—1
t — d
22 _1—-3j — kd
93241 .

1900000 whileDOOOn_low<m_highOOOOOOOO01000000000D00CO00ODOO0OOO
gboboobOobooooboboooooboooooboobooonoo

mlow <mhigh < m<[(M+ |M/kd])/d]
& dm <M+ | M/kd]
o dm< M+ M/kd
& k(dm—M)< M/d
<* k(dn—M)<m Om=[M/d]

O000«*0d02000000000O00000O00O0O0O



B

oo
oo
oo

go

oo
oo

uo
go

oo
oo
oo
go
oo

oooo(@on)

000 (A)0(B)DDO00O0O0O0O0

000000000 (@O00000000)

000 (B)000000D00000D0O000000000000D0000000000000000
ooooo
AMDOOOOOO00D819200000000000000000000000000Intel0O000
0oOooooooooon!
000000000000000000000000002,340000003100000
000000000000000000000000000000000000000000000
000

000000000000?
0000000([Warren02] 00 0000000000000000000000000000000
0ooooo

000000000000000000000
00000310000000000000002000000000
00000000000000000000000000000000000
000000000000000000000000000000000000000000
0000000000

O(00)0o0o0oU0o00o0DoDOU0O0DOO0OUDOOOOoooDOOO

oo
oo
oo
oo
oo
oo
oo
oo

oo
oo

oo
oo

0o000Dooo0oooooooooogoooooooooogoon

ooooooooono

0000000000000 0oOO0O0oUoOOO0UOOl1/30010101---

oooooooooo?

000o0oDooOoOoooooooooogoooo

0o0o0oooooooooooooooon

000000000 legOO0OO0OO0OODOODOODOlgDDOOODOODODOOONO

Pentium 400 0000000000000 0DO0ODOODOODOODOOODOODOO0OOOOOODOODO
00000ooO0o00oDooooooooooDooooooDoooooDoooooo
000000o0o00oooooooooooDoooooDoooooDooooooDoooon
0000000 000000 0oo00o0o0o0ooo0o0oDoo0ooDooooooDoooDooo
ooogz?

00 0p-adicnumber 000000000

O0000DoOoOooooooooooooooooon

TAMDO K60 81920 0 0 00 Athlon O 20480 0 O 00 Intel 0 Pentium ITI0 5120 0 0 00 Pentium 40 40960 0000
oooooo



